A detailed analysis is performed of the plastic deformation in a metal substrate fretted by a¯at-bottomed circular peg under steady normal load and cyclic tangential load. The substrate is coated with a thin layer of soft metal. Two limiting asymptotic problems are identi®ed which characterize small scale yielding behavior in the substrate in the vicinity of the corners of the peg. Deformation within the plastic zone is characterized, including regions of elastic shakedown, steady reversed cyclic plastic straining, and strain ratchetting. Implications for nucleation of fretting cracks are discussed. #
Introduction
Fretting and fretting fatigue are long-standing problems which continue to require attention in a variety of important applications [1, 2] . The mechanics for coping with fretting is based almost entirely on elastic analysis (see, for example [3, 4] ). Measures of certain combinations of stresses and displacements local to the point of contact between a fretting peg and a substrate calculated from an elastic analysis have been proposed for correlating the onset of crack nucleation [5, 6] . To date, the approach to life prediction using these measures has been largely empirical. However, a recent attack has been launched on the behavior of cracks emerging from the most highly stressed region at the edge of a fretting peg [7] , and a preliminary study of the plasticity taking place in the contact zone has been published [8] .
As a step towards the development of a mechanics of fretting damage, the present paper focuses on the local plastic deformation accompanying fretting contact. Speci®cally, the paper investigates plastic deformation in substrates which have been coated with a thin, soft metal layer for the purpose of reducing their fretting susceptibility. The substrate is fretted by a circular,¯at bottomed peg subject to a constant normal load and a fully reversed cyclic tangential load. The tangential load is assumed to be suciently large to cause the coating to undergo reversed yielding in shear in each cycle. Bulk cyclic stressing of the substrate is not considered. The role of the coating in the redistribution of the contact tractions is modeled.
Two limiting boundary conditions for the peg±substrate interaction, as modi®ed by the coating, are proposed and analyzed. Generally, plasticity in the substrate is limited to the immediate vicinity of the edge of the peg. This makes possible the formulation of a small-scale yielding problem wherein the relevant load factors become amplitudes characterizing the elastic solution at the peg corner. The approach closely parallels the small scale yielding analysis of crack tip plasticity, where the plastic zone is embedded within the elastic ®eld whose amplitude is the stress intensity factor.
Asymptotic Formulations for Small Scale Yielding in Fretting
The geometry of the¯at-bottom cylindrical peg in contact with the semi-in®nite coated substrate is shown in Fig. 1 . The radius of the peg, a, is assumed to be very large compared to the coating thickness. The ratio of the shear yield stress of the thin ®lm coating, t f y , to that of the substrate, t s y , is one of the important parameters in the model. The metals comprising the coating and the substrate are each taken to be elastic±perfectly plastic and characterized by von Mises yield surfaces. The Young's modulus and Poisson's ratio of the substrate are E and n (Poisson's ratio is taken to be 0.3 for all the calculations reported here). A constant downward vertical force P Y is exerted by the peg on the substrate. The peg is displaced back and forth tangential to the substrate under nonslip conditions. The amplitude of the tangential cyclic displacement is assumed to be large enough such that the shear stress of the coating is reached everywhere under the peg (i.e. the peak tangential force attains P X =2pa 2 t f y in each cycle). This assumption re¯ects the function of the soft coating and controls the maximum stresses exerted by the peg on the substrate, as will be detailed subsequently.
For realistic levels of loading, plastic deformation in the substrate is con®ned to a small annulus about the rim of the peg. The maximum extent of the cyclic plastic zone from the rim will be found to be less than several percent of the radius of the peg radius a. The smallness of the zone permits a small scale yielding formulation to be developed where the plastic zone is embedded within the elastic ®eld local to the edge. Thus, to analyze and present results for plastic behavior, one need not consider the full geometry in Fig. 1 . Instead, one can focus on portions of the edge of most concern and introduce amplitude factors characterizing the local elastic ®elds. The approach closely parallels that employed extensively and eectively in the small-scale yielding approach to crack tip plasticity. In the present study, attention is focused on the leading (and, by symmetry, trailing) edge of the peg in the vicinity of (X = a, Y=0, Z=0) in Fig. 1a . The coordinate system local to the edge of interest is de®ned in Fig. 1b .
The choice of boundary conditions to model the interaction of the peg and the coated substrate is not straightforward. Two sets of boundary conditions are introduced here which are expected to bracket the range of cyclic plastic behavior at the leading edge of the peg. The ®rst set is termed the uniform normal traction formulation, and the second will be referred to as the uniform normal displacement formulation. In each, the tangential traction exerted on the substrate at the peak of the cycle is the shear yield stress in the coating. The two sets are taken in turn with discussion of the elastic amplitude factors and associated near-edge ®elds used to characterize the respective small scale yielding problems.
The uniform normal traction formulation
As remarked above, the cyclic tangential displacement of the peg relative to the substrate is assumed to be suciently large such that at the peak of the cycle in either direction the coating is yielded in shear at all points under the peg. Thus at the peak of the cycle the magnitude of the shear stress s XY acting on the substrate in the region X An elementary application of equilibrium of the coating reveals that p must be independent of X and Y beneath the peg. The pressure beneath the peg becomes uniform when the elastic± perfectly plastic coating is fully yielded in shear. This argument ignores a small region at the edge of the peg on the order of the coating thickness, consistent with the underlying assumption that the ®lm thickness is very small compared to all other length scales of interest. Thus, Eq. (1) implies that the tractions acting on the surface of the substrate in the region X 2 +Z 2 a 2 at the peak of the cycle are
where the sign of the shear traction depends on the direction of the peg displacement. The construction of the elastic solution for a half-space subject to Eq. (2) is well known. It makes use of solutions for concentrated loads acting on the surface of the half-space [9, 10] . Integral representations for the stresses can be obtained by a straightforward superposition of the concentrated load solutions over the circular portion of the surface, X 2 +Z 2 a 2 . The stresses at any point in the substrate o the edge of the circle can be evaluated with high accuracy using numerical integration techniques widely available in numerical analysis software packages. The stresses at the edge of the peg are logarithmically singular at the edge of the peg in the elastic solution. Speci®cally, in the plane Z=0 in the vicinity of the leading edge (Fig.  1b) , the local stress distribution is
Note that for the convention used here, positive P Y acts downward. This representation of the stresses near the leading edge of the peg contains both the logarithmically singular contributions and all contributions which do not vanish as r approaches zero. The local ®eld is a state of generalized plane strain because the strain component e zz is bounded but nonzero at r=0:
The four coecients in Eq. (3) have been obtained numerically such that Eq. (3) reproduces the full three-dimensional solution as r approaches zero:
The domain of accuracy of the asymptotic distribution Eq. (3), has been checked by a comparison with numerical results for the full three-dimensional solution. Comparisons indicate that the ®eld Eq. (3), provides a good approximation (e.g. better than 5% accuracy) in the plane Z=0 for ra/10. In small scale yielding, the plastic zone must be suciently small compared to the peg radius a such that the stress ®eld in an annular region outside the zone is accurately given by Eq. (3). Eectively, this means the plastic zone must be small compared to a/10. The concept is very similar to that used in crack tip plasticity studies. In the numerical approach used in the next section, the distribution, Eq. (3), is used to generate tractions on a circular boundary`remote' from the origin at r=0.
The uniform normal displacement formulation
The formulation just described relies on the soft metal coating to redistribute the normal traction beneath the peg such that it becomes uniform at the peak of the cycle when the coating yields in shear. This process requires that the coating be thick enough to¯ow and redistribute the normal traction. Redistribution would be somewhat thwarted by strain hardening in the coating, the more so the thinner the coating. An alternative formulation of the substrate loading is proposed which ignores the tendency of the coating to redistribute the normal traction, while continuing to account for yielding of the coating in shear. A uniform displacement u Y , together with a uniform shear traction s XY =2t f y , is imposed on the substrate over the circular region under the peg. The displacement u Y is chosen such that the average normal compressive stress under the peg is " s P Y apa 2 . This formulation is consistent with a rigid peg and no normal traction redistribution by the coating. It is expected to overestimate the stresses in the vicinity of the peg edge.
The two-dimensional plane strain version of this alternative formulation is studied in this paper. The elastic version of this problem has uniform displacement u y and uniform shear traction, s xy 0t=2t f Y , prescribed on the surface for v x v [a and zero tractions for v x v ra, where the uniform displacement is chosen such that under the peg the average normal compressive stress is " s. The elastic solution to this problem can be obtained using complex function methods. The stresses in the vicinity of the peg edge (i.e. near the origin in Fig. 1b) are
with s zz =n(s xx +s yy ) and where k=3 À 4n in plane strain. Once again, the sign convention is such that positive " s implies an average compressive stress acting downward. The elastic solution has an inverse square root singularity in the stresses, in addition to the weaker logarithmic singularity produced by the tangential shear load " t. The contribution associated with the normal load " s is identical to the mode I distribution at the tip of a plane strain crack. An additional mode I contribution is induced by the shear load " t, due to the fact that the surface under the peg is constrained against rotation. The domain of accuracy of Eq. (5) relative to the full plane strain solution is similar to that discussed for the other formulation.
Numerical model
Finite element formulations of the two small scale yielding problems have been used to generate behavior in the plastic zone in the substrate under cyclic fretting loads. The two primary dimensionless system parameters are: (i) the ratio of the steady normal load to the cyclic shear load; and (ii) the ratio of the coating yield stress to that of the substrate. Tractions consistent with either Eqs. (3) or (5) are applied on a circular boundary remote from (and centered on) the origin r=0 in Fig. 1b . The choice of remote boundary is arbitrary as long as it is suciently large compared to the plastic zone; r = a/5 was used. As remarked at the beginning of this section, the materials comprising the coating and the substrate are each taken to be elastic±perfectly plastic with von Mises yield surfaces. The behavior of the coating is incorporated through the tractions applied to the surface of the substrate directly under the pin.
The boundary conditions were imposed by prescribing nodal forces or displacements that are consistent with either Eq. (3) or Eq. (5). Displacement ®elds associated with the asymptotic stress ®elds in Eqs. (3) and (5) were derived. For the outer radius, the choice of whether to prescribe tractions or displacements is somewhat arbitrary, but prescribing displacements is generally favored as they did not involve elemental integration to determine nodal forces. Under the pin, the constant shear traction boundary condition was imposed by prescribing nodal forces in the x-direction which resulted in a constant shear stress. For the uniform normal pressure case, nodal forces in the vertical direction were used consistent with this loading. The generalized plane strain cases involved the additional requirement of specifying the strain in the direction normal to the plane of the model according to the prescription (4a).
The ®nite element solutions were generated using the commercial code ABAQUS with eightnoded quadrilateral plane strain elements. (Generalized plane strain elements were used for the case of uniform normal tractions by specifying the out-of-plane strain component.) It is assumed that behavior closer to the origin than about r = a/100 from the model need not be resolved, both because the ®delity of the model becomes questionable (e.g. the ®nite thickness of the coating is not taken into account) and because the length scale relevant to fatigue crack nucleation will usually be larger than this. The mesh consisted of 1000 elements in a radial fan focusing on the origin. Results from a coarser mesh with approximately 1000 elements in a radial fan focusing on the origin. Results from a coarser mesh with approximately 600 elements revealed negligible dierences in plastic strain values outside r = a/100. Since run times were not signi®cantly dierent for the two meshes, the ®ner mesh was used for all the calculations.
A cycle is de®ned as going from maximum shear load in one direction to an equivalent magnitude in the opposite direction, and returning again to the ®rst maximum shear load. By this de®nition, a quarter cycle is needed to increase the applied loads from zero to the ®rst maximum. Both shear and normal loads were ®rst increased from zero to their maximum values in direct proportion; then, the normal load was held ®xed, while the tangential load was cycled. Six full cycles were simulated after the loads were brought to their initial maxima. Care was taken to ensure that the imposed boundary conditions (displacements or nodal forces) properly account for the cyclic component from the shear traction and the constant component from the normal displacement or pressure. This is achieved by computing the individual contributions from each type of loading and superimposing them at each time in the cycle.
Plasticity in the substrate
Behavior in the plastic zone is fairly complex. To aid the discussion, a detailed plastic zone map is given in Fig. 2 for a speci®c set of parameters. The example is for the uniform normal displacement formulation, but details for the other formulation are qualitatively similar. The outer boundary, extending out to just over a/20 from the peg edge, is the zone of plastic deformation occurring in the ®rst loading cycle when the normal load is brought up to its maximum value along with the shear load. From the peak of the ®rst cycle, the normal load is held constant and the shear load is cycled. The outer portion of the initial plastic zone experiences no further plastic strain increments after the ®rst or second cycle. (At some points, no further plastic increments occur after the time corresponding to maximum negative shear.) The outer portion of the zone experiences elastic shakedown. Plastic strain increments continue to occur in subsequent cycles in the inner portion of the plastic zone, extending to a distance of approximately 0.03a from the origin for this example. The zone of active incremental plasticity can be divided into two sub-zones, one dominated by ratchetting behavior and the other by cyclic plastic strains. Precise de®nitions of these terms within the present context will now be given.
Elastic shakedown, cyclic plastic straining and ratchetting
Four types of response at points within the initial plastic zone are indicated in Fig. 3 for a representative component of plastic strain, e p . At the top of the ®gure, the cyclic tangential loading history is indicated with integer values of time coinciding with the beginning of one cycle and the end of the one before. The initial load application in which the normal load is brought up to its constant maximum occurs between t=0 and 1/4. In the portion of the initial plastic zone where elastic shakedown occurs, elastic unloading occurs following the peak of the ®rst or second cycle and the yield condition is never again reached. To distinguish between cyclic plastic staining and ratchetting, consider ®rst pure limits of these behaviors shown in Fig. 3 . In pure cyclic straining each plastic strain component oscillates between minimum and maximum values which do not change after the ®rst few cycles. Repeatable reversed plasticity occurs with yielding necessarily taking place under both positive and negative shearing of the peg. Such behavior has been termed`plastic shakedown' by some authors. Pure ratchetting involves an increment of the plastic strain component in each cycle associated with shearing in one direction but not the other. Reversed plastic straining does not occur. The increment per cycle, De p r , is constant after the ®rst few cycles. Generally, neither pure cyclic plastic straining nor pure ratchetting occur in the fretting problem, although this behavior may occur at localized regions in the plastic zone. At a typical point within the zone of active plasticity a combination of these two responses are observed to take place, as depicted in the bottom sketch in Fig. 3 . Here again, after the ®rst one or two cycles, the behavior settles down to a repeatable pattern in which a ®xed amplitude of reversed cyclic plastic straining, De For the case depicted at the bottom of Fig. 3 involving combined cyclic plasticity and ratchetting, de®ne the plastic ratchetting strain once the deformation has settled down as the dierence in plastic strains at any two comparable times in the loading history (such as the points of maximum tangential shear) of two subsequent cycles according to: the coating from 2/3 to 1/2 of the¯ow stress of the substrate results in a dramatic reduction in the size of both the zone of cyclic plastic straining and the ratchetting zone. The average normal traction has a fairly large eect on the ratchetting zone size, especially for the case of uniform normal tractions. At low s/t f y the cyclic plastic zone is larger than the ratchetting zone, but the ratchetting zone becomes the larger of the two as the normal pressure from the peg increases.
The same results are presented in a dierent manner in Fig. 7 , where the estimated size of the respective zones are shown as a function of t s y /t f y . The size of the zone of cyclic plastic straining has been plotted using data in the range where it is relatively independent of s/t f y . Only at the highest values of s/t f y do the lower curves in Fig. 7a, b signi®cantly underestimate the zone size for the uniform normal traction model. The upper curves in Fig. 7a, b , which apply to the uniform normal displacement model, have been plotted using values at the high end of the range of s/t f y , and thus these curves represent the upper limit for this model. The two sets of results taken together should bound the zone sizes, because the uniform normal traction model undoubtedly exaggerates the ability of the coating to redistribute the normal traction near the peg corner while the uniform normal displacement model almost certainly underestimates the eect. The trends of Fig. 7 further emphasize the important role played by the coating hardness in determining the size of the cyclic and ratchetting plastic zones in the substrate.
Plastic strains
The trends in plastic zone size are complemented by the curves of Fig. 8 showing the maximum of the eective cyclic plastic strain outside the circle r/a=0.01 surrounding the peg corner as a function of the yield stress ratio. Here, De p c is the amplitude of the eective cyclic plastic strain, where any ratchetting contribution has been removed via Eq. (7). As suggested by the fact the cyclic plastic zone size is insensitive to the average normal traction (Figs. 5a and 6a), the magnitude of the eective cyclic plastic strain is insensitive as well. Indeed, increasing the average normal traction will generally decrease the maximum of the eective cyclic plastic strain; as such the curves in Fig. 8 represent upper bounds on the cyclic plastic strain. The amplitude decreases strongly with decreasing coating¯ow stress. The uniform normal traction model predicts the cyclic plastic strain amplitude falls to almost zero for r/a>0.01 if t s y /t f y r1.75. By contrast, the other model indicates that signi®cant cyclic plastic straining will still occur, although the amplitude decreases sharply with increasing t s y /t f y . The magnitude of the eective ratchetting strain amplitude has a much stronger dependence on the average normal traction and increases sharply with increasing normal loading. This phenomena is illustrated in Fig. 8b . As such, it is impossible to place upper bounds on the magnitude of ratchetting strain amplitude for a given t s y /t f y , as was done in Fig. 8a . It is interesting to note that for the uniform normal displacement case, the ratchetting strain amplitude will increase signi®cantly with increasing normal pressure, despite the fact that the ratchetting zone size does not increase (see Fig. 6b ). For all uniform normal displacement cases, the eective ratchetting amplitude is an order of magnitude smaller than the eective cyclic plastic strain. For the uniform normal traction cases where t s y /t f y >1.6, the ratchetting strain amplitudes are comparable with eective cyclic plastic strains.
The two plastic sub-zones extend under the peg at roughly a 135±1508 angle to the surface (Fig. 2) . At higher values of the normal pressure in the uniform normal traction case, there is an additional`lobe' of the plastic zone which extends at roughly 608 (at a right angle to the primary plastic zone). Ratchetting zones dominate this portion of the plastic zone. The deformation in the cyclic zone comprises signi®cant reversed plastic shearing parallel to the zone. Plastic straining in the ratchetting zone is consistent with material being squeezed out from under the peg emerging at the surface just to the right of the peg corner. Ratchetting is expected to cause a redistribution of normal traction under the corner of the indenter. The local traction distribution will vary slowly from cycle to cycle as material is squeezed out from the immediate vicinity of the corner. It is not evident how this process saturates. Fig. 9 displays the distribution of the circumferential component of stress, s yy , at every point in the vicinity of the peg corner in the sixth cycle at the point where the peg is at the peak negative tangential displacement (i.e. s xy =Àt f y under the peg). These distributions are for the uniform normal displacement model with system parameters identical to those for the plastic zones in Fig. 2 . A plot for the corresponding elastic solution is also shown in Fig. 9 , indicating there is no signi®cant qualitative dierence between the two ®elds and, in particular, in the predicted regions of tensile hoop stress. Tensile circumferential stresses occur in a fan of approximately 408 centered on yQÀ 808 under the peg corner. The combination of active plastic straining and tensile stress is expected to promote the formation of fatigue cracks. Note that the tensile stresses at the right corner of the peg only occur during the portion of the cycle when the shearing force exerted by the peg is directed to the left.
Summary of ®ndings and implications for fretting
The zones of cyclic and ratchetting plasticity in the substrate extend beneath the peg at an angle of approximately 358 to the peg±substrate interface (y= À 145 8 ). It is suggestive that the plastic zones (as depicted in Fig. 2) are aligned with the direction of crack nucleation in experiments (e.g. [1, 11, 12] ). The size of these active plastic zones diminish sharply with softer substrate coatings (i.e. with diminishing t f y /t s y ). As long as the integrity of a soft coating is preserved, it is highly eective at lowering stresses in the most highly stressed region under a fretting peg. Tensile circumferential stresses occur below the peg during the portion of the cycle when the peg is sheared away from the respective corner. These stresses are also lowered by lowering the coating yield stress. The zone of active plasticity and the region experiencing tensile circumferential stress overlap only in a small region at the peg corner, but their proximity suggests that the substrate is likely to be susceptible to fatigue cracks emerging from the corner downward at an angle somewhere in the range À135 8 <y< À 45 8 . The direction of the emerging fatigue crack at the corner of a peg fretting an uncoated substrate has been studied using an elastic analysis in [4] .
The role of ratchetting strains in fretting failure is not clearly understood, probably due in large part to the fact that predictive approaches have been based almost exclusively on elastic analyses (a typical approach is to use elastic eective strain amplitudes in a Con±Manson relationship [1] ). However, there has been some work done to investigate the role of ratchetting strains on cyclic failure [13, 14] . Johnson suggests two modes of failure: low cycle fatigue (LCF) (dominated by cyclic plastic strains) and ratchetting fatigue (RF) (dominated by ratchetting strains). Johnson and Kapoor summarize experimental evidence that supports the notion that the number of cycles to failure will show a dierent dependence on cyclic strain amplitude and ratchetting strain amplitude.
In other words, dierent Con±Manson relationships would be needed for LCF and RF, and failure will be governed by whichever predicts a shorter lifetime [13] . In this context, the implication of the results presented here is that increasing the average normal traction may switch failure mechanisms from LCF to RF, and signi®cantly alter the crack nucleation time scale. Furthermore, the transition point from LCF to RF would depend on the ratio t f y /t s y . As far as ratchetting failure is concerned, it remains to be resolved whether increasing t f y /t s y would have as strong an eect of lifetimes as implied in Fig. 8a and b . It would depend strongly on the magnitude of the average normal traction, unlike failure governed by cyclic plasticity.
The quantitative dierence between the predictions from the two asymptotic formulations, uniform normal tractions and uniform normal displacements, is appreciable. The uniform normal displacements formulation predicts signi®cantly more plasticity activity than the other formulation. Further modeling will be required before it is clear which of the two formulations is the more accurate. It is expected that the thickness of the coating will play a role in determining the plasticity activity in the substrate, as will any tendency of the coating to display cyclic strain hardening or softening.
